Abstract-In this brief, a novel scheme to multi-aircraft conflict detection and resolution is introduced. A key feature of the proposed scheme is that uncertainty affecting the aircraft future positions along some look-ahead prediction horizon is accounted for via a probabilistic reachability analysis approach. In particular, ellipsoidal probabilistic reach sets are determined by formulating a chance-constrained optimization problem and solving it via a simulation-based method called scenario approach. Conflict detection is then performed by verifying if the ellipsoidal reach sets of different aircraft intersect. If a conflict is detected, then the aircraft flight plans are redesigned by solving a second-order cone program resting on the approximation of the ellipsoidal reach sets with spheres with constant radius along the lookahead horizon. A bisection procedure allows one to determine the minimum radius such that the ellipsoidal reach sets of different aircraft along the corresponding new flight plans do not intersect. Some numerical examples are presented to show the efficacy of the proposed scheme.
I. INTRODUCTION

I
N THIS brief, we address multi-aircraft conflict detection and resolution (CD&R) on the mid-term time scale that characterizes the operations at the level of the air traffic controllers (ATCs) in charge of guaranteeing safety in air travel. The idea is to provide ATCs with automatic support tools so as to simplify their task and, hence, enable them to handle safely higher traffic levels [20] . Each aircraft is assigned some flight plan to track, which consists of a sequence of timed waypoints. In the current practice, a conflict is detected when the predicted distance between at least two aircraft gets smaller than a certain safety distance, and this distance is computed based on the nominal trajectories as determined by the aircraft flight plans. However, due to the uncertainty affecting the aircraft motion and, in particular, due to wind, the aircraft actual trajectories differ from the nominal trajectories (see [9] , [10] , [17] , [25] , [29] ). This is particularly critical when aircraft are densely packed in the airspace. To account for uncertainty and avoid situations where a multi-aircraft encounter is predicted to be safe, while it is not, we introduce a different notion of conflict, which is based on the concept of probabilistic reach sets as explained next.
There is indeed vast literature on reachability analysis, including the study of tools for reach set computation, for various classes of systems, mainly deterministic [2] , [3] , [13] , [16] , [21] , [23] . Different representations of reach sets (polyhedra, zonotopes, and ellipses) are adopted. In our context, the main source of uncertainty is wind, which is naturally described through a stochastic model. This calls for the notion of probabilistic reach set [12] . A probabilistic reach set is associated with a certain probability level 1 − , ∈ (0, 1), and includes all states that the system can reach except for a set of probabilities smaller than or equal to . As approaches 0, the standard notion of reach set comprising all reachable states is recovered.
Ellipsoidal uncertainty sets are commonly used in aeronautics [10] , [18] to describe the uncertain aircraft position with respect to some reference trajectory: the tracking error is supposed to be Gaussian and uncorrelated in time and the ellipses where the aircraft is confined along the prediction horizon are derived as level sets of independent Gaussian distributions. In this brief, we adopt a method for reach set computation that does not require any assumption on the tracking error distribution and correlation structure. Still we use ellipses to represent reach sets, since they are easily parameterized through their center and shape matrix, and their computation can be reduced to a convex optimization program. Following [12] , probabilistic reach sets are computed by formulating a chance-constrained optimization program (C-COP), which is then solved via the so-called scenario approach [5] , [6] , [8] . This involves running a number of simulations of the aircraft trajectories that are inversely proportional to . An air traffic simulator including a stochastic wind field model is adopted for this purpose [14] . Based on the probabilistic reach sets, a conflict can be defined as the event when reach sets of different aircraft intersect at some time instant. When a conflict is detected, then the aircraft flight plans are redesigned so as to minimize the traveled distance while maintaining reach sets separated. This is achieved via a two-step approach. In the first step, ellipsoidal reach sets are replaced by spheres of the same constant radius r along the look-ahead time horizon, and two-legged maneuvers are designed so as to keep the aircraft nominal trajectories at a distance larger than or equal to r . In the second step, the actual ellipsoidal reach sets are checked for intersection. Radius r is progressively increased till no intersection occurs between the actual ellipsoidal reach sets.
is eventually increased if the airspace is densely packed. Indeed, as grows to 1, reach sets get smaller and smaller. It is then easier to solve conflicts but at the price of decreasing safety guarantees.
Note that this brief extends in a nontrivial way our preliminary work in [33] , by refining probabilistic reach set computation, and, more importantly, by proposing a completely different resolution strategy since that in [33] is restricted to the two-aircraft case and rests on the solution to a nonconvex optimization problem. Results are presented with reference to the level flight case. Generalization of the approach to the more general 3-D case is straightforward but involves using a more complex simulation model. Compared with other probabilistic reachability-based approaches to CD&R, our method is computationally more effective. As a matter of fact, those numerical methods resting on state-space gridding and Markov chain approximation scale badly with the number of aircraft and with the dimension of the considered airspace region [17] , [28] , whereas those resorting to the standard Monte Carlo approach for estimating the probability of conflict up to an accuracy need a number of simulations that are inversely proportional to 2 [29] . Alternative approaches based on an analytical approximation of the probabilistic reach sets are computationally attractive, but they rest on simplifying assumptions on the aircraft dynamics and stochastic wind, which make the model not realistic [29] .
The rest of the brief unfolds as follows. In Section II, we briefly describe the adopted model of the aircraft dynamics. We then present the chance-constrained approach to reach set computations and its randomized version in Section III. The two-step multi-aircraft CD&R scheme is presented in Section IV. Section V shows some promising numerical results. Finally, some concluding remarks are given in Section VI.
II. MODEL OF THE AIRCRAFT DYNAMICS
The point mass model of the aircraft dynamics that we adopt for reach set computations was proposed in [14] and implemented in an air traffic simulator.
The model comprises three main components: 1) a continuous dynamics accounting for the physical motion of the aircraft; 2) a discrete dynamics associated with the flight plan; and 3) a stochastic component given by the wind affecting the aircraft motion. An additional stochastic component (i.e., the radar measurement noise affecting the initial aircraft position) is present when predicting the aircraft future position. Here, we confine the description to the level flight case, with the aircraft flying at constant velocity (see [14] , [25] for further extensions to the 3-D case).
The continuous-state components include the following variables: the aircraft positions p = [x, y] in an inertial reference coordinate system with origin fixed at a point on the earth surface (i.e., the radar position), the heading angle ψ, and the aircraft mass M. The evolution of these variables is governed by the following equations:
where V is the true air speed (assumed to be constant), T is the engine thrust, η represents the fuel consumption rate, W cgf is the cross-track wind gradient factor, and L = (C L W s ρ(z)/2)V 2 is the lift force, which depends on the air density ρ(z) at the considered altitude z, the total wing surface W s , and the lift coefficient C L . The values of these parameters depend on the type of aircraft as detailed in the BADA document [11] . The stochastic wind ν(t, p) = [ν x , ν y ] acts as a disturbance and enters additively the aircraft dynamics. The flight path angle γ and the bank angle ϕ are inputs set by the flight management system: when cruising at a constant altitude, γ is set to zero so as to achieve a zero rate of climb/descent, whereas ϕ is set based on the heading error and the cross track deviation from the nominal trajectory.
The discrete dynamics for level flight is derived from the flight plan and consists of the 2-D sequence of s +1 waypoints {W P i } s i=0 defining a piecewise linear nominal trajectory [26] . The stochastic wind component ν(t, p) is modeled as a Gaussian isotropic random field with zero mean and diagonal covariance matrix C(t, p, t , p ) = c(t, p, t , p )I 2 , where I 2 denotes the 2 × 2 identity matrix, p, p ∈ 2 represent positions in the 2-D airspace, and t, t ∈ time instants. Wind is correlated both in time and in space with the following correlation structure:
where c z is a suitable constant, whereas c t and c xy account for the temporal and spatial correlations, respectively, and are specified in [25] according to the empirical model in [32] . Note that the correlation structure is time invariant since it depends on t − t and not on t.
In addition, since the aircraft position is tracked through some radar, a radar measurement noise is added to the initial aircraft position. Such a noise is modeled as an independent Gaussian process with zero mean and a diagonal covariance matrix c 2 r I 2 , where c r is a suitable constant.
III. REACH SET COMPUTATION
Suppose that an aircraft is tracking some flight plan, and denote byp(t), t ∈ [t s , t d ], its nominal position during the look-ahead time horizon [t s , t d ], where t s = 0 represents the current time instant. The aircraft future position is uncertain due to the stochastic wind affecting its motion and the radar measurement error on its initial position. We then denote by p δ (t), t ∈ [t s , t d ], the aircraft actual future position, where δ represents the stochastic uncertainty affecting the aircraft position and takes values in the set of all possible realizations of the stochastic wind and the radar measurement noise. Our goal is determining the region of the airspace in the time cross-space coordinates that will be occupied by the aircraft along the time horizon [t s , t d ] with a probability of at least 1 − , where ∈ (0, 1) is the violation parameter. This is the probabilistic reach set of level 1 − .
A. Reach Set Computation as a Chance-Constrained Program
Let us denote by E(p, S) the ellipsoidal set centered atp with shape matrix
S( p −p) 2 ≤ 1}. The region of the airspace that will be occupied by the aircraft during the time horizon [t s , t d ] is described as follows:
where
, is a function of time finitely parameterized by some vector θ ∈ d . In order to determine the smallest region (1) containing all possible realizations of the aircraft trajectories except for a set of probability at most , we formulate the following C-COP:
where P is the probability distribution of the uncertainty parameter δ representing the stochastic wind and the radar measurement noise, and
C-COPs like (2) are known to be difficult to solve and even NP hard in some cases [30] , [31] . One has to then head for an approximate solution. Here, we resort to a randomized method, called the scenario approach, as proposed earlier in [12] . The idea of the scenario approach is to replace the probabilistic constraint with a finite number N of deterministic constraints, which are obtained by independently extracting N scenarios δ (i) , i = 1, . . . , N, of the uncertainty δ. The scenario version of problem (2) then becomes the following (convex) optimization program:
which is always feasible since it consists in determining the minimum area set composed of n s ellipses, each one covering a finite number of points [4] . Let θ N be the solution to (3) . Then, the following results hold (see [6] for a proof).
Theorem 1: Select a confidence parameter β ∈ (0, 1).
where d is the number of optimization variables and is the violation parameter, then θ N satisfies
with probability no smaller than 1 − β. Remark 1: The explicit bound
in [1] shows that the dependence of N on the confidence parameter β is logarithmic so that we can select β to be such a small number as 10 −10 , in practice zero, and still N does not grow significantly. The reach sets obtained via the scenario program (3) are typically overapproximation of the actual reach sets, in that the scenario solution to a chance-constrained problem with an admissible violation typically results in an actual violationˆ that is much smaller than (see [7] ). To overcome this issue and reduce the size of the reach sets while still guaranteeing that they contain all trajectories except for a set of probability smaller than or equal to , we resort to the scenario approach with constraints removal introduced in [7] . The idea of this variant of the scenario approach for solving the chanceconstrained problem (2) is that of considering a finite number N of possible scenarios δ (i) , i = 1, . . . , N, and removing a fraction K = α N , α ∈ [0, ), of them so as to improve the cost function, i.e., reduce the area of the ellipsoidal reach sets. The resulting scenario program can be rewritten as follows:
where {i 1 , . . . , i K } ⊂ {1, . . . , N} are the indices of the constraints that are removed. If N is appropriately chosen according to Theorem 2, then the solution θ N,K to (5) is guaranteed to be chance-constrained feasible, with high confidence (see [7] ). Theorem 2: Select a confidence parameter β ∈ (0, 1) and empirical violation parameter α ∈ [0, ). If N is such that
where d is the number of optimization variables and
with probability no smaller than 1 − β.
Remark 2:
As for the choice of the empirical probability of violation α, one should note that the closer α to the desired violation probability , the better the approximation of the chance-constrained solution, yet at the same time, it holds that N → ∞ as α → (see [27] for an explicit bound on N). Intuitively, if α equals , then
. . , n s } will fluctuate around 1 − depending of the extracted samples of δ and it is not possible to guarantee that it is bigger than 1 − with high confidence for a finite N. Therefore, a proper value of α should be selected based on a tradeoff between computational load and performance.
B. Reach Set Computation for Straight Line Flight Plan
Given that the computational effort involved in the reach set computation strongly depends on the number of optimization variables d, we adopt a 4-D parametrization θ ∈ 4 for S θ (t j ), j = 1, . . . , n s , so that the number of optimization variables is d = 4 and the computational load is significantly reduced with respect to the fully parameterized case where all matrices S θ (t j ), j = 1, . . . , n s , have free elements.
When the heading angle is ψ = 0°, S θ (t j ), j = 1, . . . , n s , is parameterized as follows:
If we set θ 3 = 0, the axes of the ellipses are parallel to the axes of the reference coordinate system. The shape matrix is then given by 2 4 , and its eigenvalues are ζ 1 (t j ) = (θ 1 · j −1.3 + θ 2 ) 2 and ζ 2 (t j ) = θ 2 4 . Then, the semiaxis of length ζ 1 (t j ) −1/2 = (θ 1 · j −1.3 + θ 2 ) −1 corresponds to the along-track error, whereas the semiaxis of length
4 corresponds to the cross-track error. Note that ζ 1 (t j ) −1/2 is growing as a function of time, which models the fact that the along-track error increases with time, while the cross-track error term is weakly dependent on time and hence it is modeled through a constant (see [29] and the references therein to justify this choice).
When ψ = 0°, we can simply rotate clockwise both the nominal and the actual sampled trajectoriesp(t j ) and p δ (t j ), j = 1, . . . , n s , of an angle ψ through the rotation matrix R ψ = cos ψ sin ψ − sin ψ cos ψ so that we can still use the same parametrization of matrix S θ (t j ) in (7) and just modify the optimization problem (3) by replacing p δ (t j ) andp(t j ) with R ψ p δ (t j ) and R ψp (t j ), respectively.
If we aim at determining a shape matrix that applies to straight line legs associated with different heading angles and velocity pairs (ψ k , V k ), k = 1, . . . , m, then we have to solve the C-COP
wherep k (t) denotes the nominal trajectory associated with the heading angle ψ k and the velocity V k , whereas p k,δ (t) is a possible realization of a trajectory associated with the same heading angle and velocity pair. The scenario approach can still be applied to find an approximate solution to (8) , thus leading to the convex optimization program
to which the constraint removal procedure can be applied. In practice, this involves a few steps. First, the number of scenarios N and the number of constraints to be removed K are computed according to the bound (6) in Theorem 2. Then, N scenarios δ (i) , i = 1, . . . , N, are extracted from according to probability P. The realizations of the actual aircraft trajectory associated with δ (i) , i = 1, . . . , N, are generated through the air traffic simulator for all pairs
. At each constraint removal iteration, a program like the one in (9) but with a reduced number of constraints is solved via a standard convex optimization solver like that used in cvx [15] . Solution θ h is computed for the current value of some index h, which is initially set equal to the number K of constraints to be removed. Based on the computed ellipsoidal reach sets, all scenarios δ (i) such that there is a trajectory realization p k,δ (i) that belongs to the boundary of the ellipsoidal reach sets at some time instant t j for some pair (ψ k , V k ) are determined. These are the scenarios to be removed. Then, h is progressively reduced during the constraint removal iteration process. When h = 0, the constraint removal procedure is completed. The corresponding solution θ 0 is the solution to the scenario program with constraint removal.
IV. PROPOSED AIRCRAFT CD&R SCHEME Let us consider n aircraft flying in some region of the airspace. Each aircraft i is following a straight line flight plan from a starting waypoint denoted by a i to a destination waypoint denoted by b i , flying at some constant velocity V i during the finite-time horizon [t s , t d ]. Due to the uncertainty affecting its motion, the aircraft will not exactly track its nominal trajectory so that it might get close to some other aircraft, even if the nominal trajectories are separated. To account for this uncertainty, one can adopt the traditional minimum safety distance concept. This involves associating with each aircraft a virtual circular reach set, which is a disk of radius equal to half the minimum safety distance centered in the aircraft nominal trajectory: a conflict occurs if at least two disks intersect at some time instant t ∈ [t s , t d ] [24] .
Here, we adopt a different notion of conflict, which is based on the ellipsoidal reach sets associated with a certain probability level 1 − instead of the virtual circular reach sets. More precisely, a conflict is detected when the ellipsoidal reach sets of at least two aircraft intersect at some time instant, which from an implementation viewpoint can be verified via the numerical approach developed in [21] . Once a conflict is detected, it is resolved through the redesign of the aircraft flight plans. Since designing nominal trajectories such that the ellipsoidal reach sets do not intersect is not an easy task, we propose an iterative approach to tackle the problem.
Algorithm 1 Aircraft Conflict Detection and Resolution
Each iteration is based on a two-step procedure. In the first step, we adopt the approach proposed in [19] where circular sets with constant radius are used in place of ellipsoidal sets, which is easier to solve because the circle has rotational symmetry. Indeed, using circular sets, conflict resolution (CR) is reformulated in [19] as a second-order cone program (SOCP). In the SOCP, flight plans are given by two-legged straight lines and the intermediate waypoints are designed so as to minimize the traveled distance while avoiding disk intersections and accounting for constraints on the velocity and the turning angle at the same time (see [19] ). In the second step, we perform conflict detection (CD) based on the flight plans designed in the first step and the actual ellipsoidal reach sets.
The overall iterative procedure is set up so as to look for the smallest radius to be used in the first step so as to obtain a conflict-free situation as an outcome of the second step. A bisection algorithm is conceived for this purpose and the resulting CD&R scheme is summarized in Algorithm 1.
The bisection method is implemented in the inner while loop and the termination condition is r max − r min ≤ r , where r min and r max define the admissible range for radius r and are reset at each iteration, according to the standard bisection method strategy. Precisely, at each iteration, a certain radius r is considered for CR. If either the resolution strategy is effective or it has no feasible solution, r max is reduced to (r min + r max )/2. Otherwise, r min is increased to (r min + r max )/2. Overall, the maximum number of iterations is approximately log 2 ((r max −r min )/ r ), wherer min is the length of the minor semiaxis of the ellipsoidal reach set associated with the final time instant t d of the considered horizon [t s , t d ], whereasr max is the length of the major semiaxis of the same ellipsoidal set increased of a (small) quantity. This way if the radius r were set equal tor max , the conflict would be definitely solved because the circular reach sets approximations are all equal and large enough to include the ellipsoidal reach sets along the whole reference time horizon [t s , t d ]. However, note that when r becomes large, there may be no feasible solution to the SOCP because of some velocity and turning angle constraints embedded in it. Therefore, in Algorithm 1, an outer while loop is introduced where is increased so as to obtain smaller ellipsoidal reach sets and a feasible conflict-free solution. Meanwhile, the larger is, the lower are the probabilistic guarantees on the safety of the resolution maneuver.
Remark 3 (Design Parameters):
The key design parameter is , setting the probability level for the probabilistic reach set and, hence, the level of risk taken when resolving conflicts on a mid-term time scale. Taking a large value for entails obtaining small reach sets and allowing the design of closer resolution trajectories for the aircraft flying in the same region of the airspace. This favors a better exploitation of the airspace and can be useful in the case of high density traffic. On the contrary, taking a small value for means taking a lower level of risk and getting larger reach sets and resolution trajectories for the aircraft flying in the same region of the airspace that are far apart. As for α, it defines the accuracy of the probabilistic reach set computation via the scenario approach with constraints removal and affects the offline computational effort of the proposed CD&R scheme. The value chosen for α is not much critical in that if it were even set to zero (no constraint removal), the actual risk would be smaller than . The parameters involved in the online implementation of the CR scheme are the increments of the radius r and of the level of risk , and they should be set based on computational time considerations related to the specific setup adopted in terms of computational resources.
V. NUMERICAL RESULTS
Numerical results in this section were obtained using the MATLAB version of the air traffic simulator described in [14] and [25] , available for download at http://people.epfl.ch/cgi-bin/people?id=234671&op=bio& lang=en&cvlang=en.
A. Reach Set Computation
We next describe the results of the reach set computation that are obtained by generating multiple aircraft trajectory realizations for some given predefined flight plan. In the experiments, we consider m = 9 different heading angles and velocity pairs with n s = 41. Three different probability levels 1 − with = 0.025, 0.050, and 0.100 are considered for reach set computation.
In Fig. 1 , the area of the ellipses as a function of time is depicted, in the case of no constraint removal (lines with filled markers) and constraint removal (lines with unfilled markers), for different values of and α when β = 10 −8 . The trend of area reduction is shown as grows. Table I reports the corresponding computation times when calculations are performed using MATLAB R2015a, 64 b, running on a personal computer with an Intel Core i5-4590T CPU 2.00-GHz processor, a 4.00-GB RAM, and a 64-b Windows 7 as an operating system. Note that when no constraint removal is adopted (α = 0), the CPU computation time decreases as grows, whereas this is not the case when α = 0. More importantly, the CPU time increases significantly when α = 0. This is not surprising given that constraints are progressively discarded through an iterative procedure, which involves repeatedly solving a (convex) optimization program. The required computation time could be lowered by adopting a more efficient coding on a platform with a higher performance. However, this is not much a concern here, since the computation of the reach sets can be performed offline.
B. Aircraft CD&R
We now present some examples of aircraft encounters where some resolution action is needed and discuss the influence of various factors on the corresponding resolution maneuver.
Each aircraft i , i = 1, . . . , n, is tracking some straight line nominal trajectory at constant velocity V = 14.17 km/min Table II . The parametersr min andr max were computed based on the ellipsoidal reach sets obtained via the reach set computational approach with constraint removal (see Fig. 1 for the adopted values of α).r max is grown 0.05 km with respect to the length of the major semiaxis of the ellipsoidal reach set at t d = 20 min.
We consider CD&R for multi-aircraft encounters with symmetric configurations. Aircraft starting waypoints are symmetrically distributed on a circle of radius 141.7 km centered in (148.160, 148.160). Destination waypoints are on the circle as well. Nominal trajectories pass through the center of the circle at time t = 10 min in all considered encounters. Fig. 2 (left) shows the original nominal trajectories when n ranges from 3 to 8. Fig. 2 (right) shows the corresponding redesigned conflict-free nominal trajectories for = 0.025. These resolution trajectories are optimal in that they adopt the minimum radius, called r , when computing the intermediate waypoint. The time needed for multi-aircraft resolution is reported in Table III , which also includes the times involved in performing CD and CR while running Algorithm 1. As for CD, we used the ellipsoidal toolbox [22] to check if two ellipses overlap when the distance between them was lower than the largest major axis. Note that the CD part is taking most of the total time. In our implementation, we sequentially check for pairwise overlaps. More efficient parallel implementations and a better performing platform could be adopted to reduce the computation time and allow for actual usage in tactical operations.
When n is equal to 9, there is no conflict-free resolution strategy for = 0.025, and not even for = 0.050 and = 0.100. We can, however, get a feasible solution to the SOCP when we set r equal to half the minimum safety distance (see Fig. 3 ). This means that airspace area is densely packed, and the aircraft should track accurately their nominal trajectories to avoid getting too close one to the other. In order to investigate the influence of different values for on multi-aircraft CR, we focus on the symmetric encounter configuration with six aircraft and compute the resolution maneuver for = 0.025, = 0.050, and = 0.100. Fig. 4 reports a time shot of the resolution strategy, where the ellipsoidal reach sets are plotted together with the disks of radius r at time 10 min for the three considered values of . Not surprisingly, r is decreasing as a function of because the size of the ellipsoidal reach sets is decreasing with .
The values obtained for r are 8.185 km for = 0.025, 5.991 km for = 0.050, and 5.864 km for = 0.100, all values being larger than half the safety distance 9.26 km, which is commonly used in avionics.
VI. CONCLUSION
In this brief, we address multi-aircraft CD&R through a stochastic reachability analysis approach, which rests on the computation of probabilistic reach sets to characterize the uncertainty on the aircraft future position, mainly due to wind. The main contribution of this brief with respect to the existing literature consists of the development of a novel probabilistic CR scheme resting on reach set computation that integrates in a stochastic setting the deterministic approach to CR proposed in [19] . As for the sources of uncertainty entering the stochastic model of the aircraft motion, it is worth pointing out that no Gaussianity or independence assumptions are needed in our approach. Moreover, although we refer to some specific stochastic model in this work, the approach can be applied to more complex stochastic models, the only requirement being to have a simulator and to be able to generate multiple trajectories.
Regarding the contribution on CR, admittedly, the adopted deterministic CR algorithm has some limitations since, for instance, intermediate waypoints of the resolution maneuvers of all aircraft are associated with the same nominal time. Future directions of research include overcoming such limitations so as to obtain a more flexible CD&R scheme.
